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Abstract

In this research we focus on a technique for animating incompressible viscous multi-phase flows,
i.e. flow of fluid mixtures, with surface tension, where each fluid can have a different density
and viscosity. The main techniques used to solve Navier-Stokes equations in our approach are
the projection method on Marker-and-Cell (MAC) grid, Volume-of-Fluid (VOF) method, the
continnum surface force method and the donor-acceptor method. The main idea of computing
a surface force from estimated curvature of a fluid surface is extended for multiple fluids in this
work. A modification of donor-acceptor method for multiple fluids is a novel idea of the paper.
The proposed donor-acceptor method prevents the mass loss in comparison with alternate methods
such as the level set method.

Mathematics Subject Classification 2000: 1.3.6, 1.3.7
Additional Key Words and Phrases: Multi-phase flow, fluid animation, VOF, MAC, dyna-
mics

1. INTRODUCTION

We see fluid motions on a daily basis and the phenomena shows very complex
behaviars. One of the goals of CG animation is to produce highly realistic motion
of natural phenomena. The problem is that many of the methods can treat only
a homogeneous fluid i.e. one fluid. We often see rising bubbles or flow of muddy
water, such flows involve several fluids. Such animations remain as challenging
tasks in computer graphics area. Tn this research, we adopted multi-phase CFD
(Computational Fluid Dynamics) technique to solve the problem.

The main techniques used to solve Navier-Stokes equations in our approach are
the projection method on Marker-and-Cell (MAC) grid, Volume-of-Fluid (VOF)
method, the continuum surface force method and the donor-acceptor method. The
VOF methad is very efficient and accurate scheme to track interfaces of fluids. Our
method takes special care in computing fluid fluxes to preserve sharp interface bet-
ween fluids. The VOF scheme also enables fast interface construction. We directly
construct fluid interfaces from VOF values using the marching cubes algorithm.
The interfaces are composed of polygon meshes and rendered.

Tn this work we explore the main idea of computing a surface force from estimated
curvature of a fluid surface and extend it for multiple fluids. Another novel idea is
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a modification of donor-acceptor method for multiple fluids. The proposed donor-
acceptor method prevents the mass loss in comparison with alternate methods such
as the level set method.

The outline of the paper is as follows. The next section describes the previous
work in the field of CFD for purpose of animation and simulation. Section 3 gives
an overview of the general algorithm for fluid dynamics. The novel approaches
of our method are described in Section 4. The most interesting aspects of the
paper the estimation of surface tension and the proposed donor-acceptor method
are described in Sections 6 and 7. Section 9 contains test examples and presents
some results. We end with concluding remarks and ideas for future work.

2. RELATED WORK

Foster and Metaxas [6] introduced 3D physically based animation of fluids to com-
puter graphics area by solving the 3D Navier- Stokes equations using a relaxation
technique with Marker-And-Cell method to create water animation. The method
uses marker particles to track fluid position allowing fluids to change into any sha-
pes. In a series of their research, they extended the method to control the behavior
of fluids and interact with moving objects [7]. Stam [13] improved the method
using semi-Lagrangian method for fluid convection and implicit integration. A ma-
jor strength of his method is that the simulation is unconditionally stable for any
size of time step. He also introduced much efficient Chorin pressure projection
instead of relaxation method to enforce incompressibility of fluids.

Foster and Fedkiw re-visited the MAC method with semi-Lagrangian method.
They used both particles and implicit surfaces to represent liquid surfaces [5]. Their
method called particle level set can track smooth and temporally coherent liquid
surfaces with better fluid volume preservations.

In CFD area, VOF method was first proposed by Hirt and Nichols [8]. In the
method, a donor-acceptor procedure can completely conserve a fluid volume when
the fluid passes through a donor cell to an acceptor cell. The VOF method was
improved by Fluid-attenuated Inversion Recovery (FLAIR) and Cubic Interpolated
Propagation (CIP), and other methods developed to estimate fluid flux in more
accurate ways.

There are a few researches to handle interaction of two fluids, or fluid and solid
objects in computer graphics. Tanaka et al. [14] used VOF and CIP techniques
to create fluid animations. They also integrated rigid body simulation into their
fluid simulator. Hong and Kim [9] used the VOF method to animate bubbles in
a liquid. Later they extended the method and described in detail a technique
for capturing the boundary conditions at contact discontinuities between multiple
fluids [10]. Carlson et al. [2] achieved to model high viscous, almost solid materials
like a wax. The method avoids stability problems, which arises at high viscosities,
and it can simulate melting effects by changing the viscosities. They also proposed
rigid-fluid method [3]. The technique treats rigid bodies, as they were made of a
fluid. Velocities inside solids are changed so that rigid motion is enforced in the
region.
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3. OVERVIEW OF NAVIER-STOKES SIMULATION

Motion of an incompressible viscous fluid is described by Navier-Stokes equations:

0 1 f
6—1: = —(u-V)u+vViu - ;Vp—{—; (1)
V.u =0, (2)

where u = (u,v,w) is velocity vector, p is constant density, v is constant viscosity,
p is pressure and £ = (f, g, h) is vector representing external force.

Equation 1 describes conservation of momentum. Left-hand side of the equation
is rate of change of velocity at given position. Its right-hand side is composed of four
terms representing effects of advection, diffusion, pressure and gravity, respectively.
Equation 2 corresponds to conservation of mass. Here we assume that a fluid’s flux
into a small region is equal to the flux out of the region. As a result, this equation
enforces fluid to be incompressible.

There are several approaches to solve the equations. The methods can be classi-
fied into three types, Eulerian, Lagrangian, and particle methods. In the Eulerian
method, the mesh remains fixed, and it is necessary to compute the flow through
the mesh. In Lagrangian method, computational mesh is moving with fluid ve-
locities. Using this method, it is easy to track surface of the fluid, but handling
topological changes can be difficult when the surface become complex. Last method
uses particles to simulate the flows.

Here we summarize Marker-and-Cell (MAC) based method to simulate incom-
pressible fluids. MAC method divides the computational domain into rectangular
cells. In our implementation, the cells are uniformly sized cubes, with sides of length
Az, and indexed by ¢, 7 and k in z, y and z directions respectively. Figure 1 depicts
a cell (4,4, k). The lower right back corner of the cell is placed at (iAz, jAz, kAzx).
Velocity components, u, v and w, are separately defined on each face of the cell.
Other quantities, like pressure and density, are located at the cell’s centers. If a
value is needed at a point on which no value is defined, a linear-interpolated value
is used. Each cell has an attribute which describes the cell’s content. Common
attributes for MAC based simulators are Full, Empty, Surface and Obstacle. Full
means the cell is filled with fluid. An empty cell contains nothing, or is vacuum.
A surface cell is a cell containing some fluid and faces an empty cell. An obstacle
cell represents solid obstacle into which fluid cannot flow. In our implementation,
there is no vacant space in the simulation, but a cell can contain different types of
fluids. Therefore, there are only two cell types, full and obstacle in the proposed
method, see bellow.

3.1 Simulation Steps
The simulation steps for the MAC method are summarized as:
(1) Choose an appropriate time step size At. Refer to Sec. 4.4.

(2) Move the VOF values according to the current velocity field. Refer to Sec. 7.

(3) Set boundary velocities on faces of obstacle cells and similarly set Neumann
boundary conditions for pressure on obstacle cells. Refer to Sec. 5.

(4) Calculate intermediate velocities using the Navier-Stokes equations without
taking account the pressure term. Refer to Sec. 4.3.
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Fig. 1. MAC cell Fig. 2. VOF representation of two fuids.

(5) Caleulate pressure field from the intermediate veloecity field, see Equation 7.

(6) Make the intermediate veloeity field mass-conserving to get correct velocities,
Refer to Sec. 4.3.

(7) To generate the animation frame construct fluid surface from the VOF values.
Refer to Sec. &

4. PROPOSED METHOD FOR MULTIPLE FLUIDS

The main contribution towards the goal of this research is to simulate mixtures of
fluids, for example a gas and liquid. We represent each fuid by a VOF function,
Assuming the fluids are incompressible, then the spatial distributions of fluids has
the following relation:

(F)=3 Fu=10,

where F, is the VOF function of nth fluid, while fluid can have different densities
and viscosities, p, and ;. Figure 2 shows a 2D example of our representation for
two fuids. Each cell has two VOF values, the top row represents fraction of the first
fluid and the bottom row corresponds to the second fluid. The interface between
two fluids lies in cells which contain both Auids, We treat a flow of a mixture of
fuids as a Aow of a single Auid which have variable density and viscosity. Then,
the motion of the How is calculated using density and viscosity weighted by VOF
values (p) = 3 (Fapn), () = X (Favi).

4.1 MNavier-Stokes Equations for Multiple Fluids

In Equation 2, the fluid density and viscosity were assumed to be constant all over
the fluid. In this case, there are two or more fluids, and they are treated as a
fluid with variable density and viscosity. The equation describing the multiple How
dynamics then will be

tha - 2
BVt V)0 - T o

V:a=0 (4)
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Here the viscosity (v) is placed inside the derivative. The conservation of mass can
be written in the other way as

%p)
V- =——".
(o) = =2
We can interpret the second equation as that total of mass flow out of a small region
is negative of mass change of the region.

42 Intermediate Velocities - Projection Method

Following the Chorin’s projection method [4], we first derive equation for interme-
diate velocities that do not take into account the pressure term used in simulation
step no. 4:

t=u+At{—(u-V)u+ V- ({(v))Vu) + <£>} (5)

Next step, is to make the velocity field mass-conserving by subtracting a missing

Atxg,.
term, mVp.

Voutt = V- {i— (fp’;vp>}. 6)

Here, we cannot place density (p) outside of the divergence operator, as is com-
mon for single fluid mass-conservation equation, because the density now changes
spatially. But the equation can be rearranged as

1 1
V. (Vp) =—V .
(p) At
Solving the above equation for unknown pressure field p refers to simulation step

no. 5. The current mass-conserving velocities are obtained by

new _ & g
=y VP @)

referring to simulation step no. 6.

4.3 Discretization
Intermediate Velocity. After discretization of gradient operator, Laplace operator,
and divergence of the velocity in Equation 5 the z, component of equation becomes:
At
1Azt
(wiov,gp + i) (Wio1 46 + Uigk) — Wik + i1 jn) (Wi g e + Uig1,,4) +
(Wi i1,k + Wi g k) Wic1 ik + Vige) — Wik + Wigr1e) Vic1 o1,k + Vigrie) +
(wi,jh—1 + i j k) (Wiz1,j,k + Wijk) —
— (Wi gk + Ui g1 (Wint jkr + Wikt ) b+

At

+ Ai:c/?{ Vi (Wit g — Wigik) — Vi k(Ui n — i1 jk) +

Ui g,k = Ui jh T

Vie1y2,j1/2,k (Wit 1,k — Wigh) — Vie1y2 172,k (Uigk — Uij—1,k) +
Vic1/2,, k4172 (Wi k1 — Ui j k) — Vic1/2,5k—1/2 (Wi gk — Wijk—1) } +
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1

+—
Pi—1/2,5.k
Here, we used half index notation, v;_1 /5 ; s, that refers to viscosity at center of the
left face of a cell (4,7, k). Such values are calculated by linear-interpolation from
neighboring cells.

Pressure Projection Matriz. For a cell (i, 4, k), Equation 6 is discretized as

1 { 1 1
T Ditl. kT T Pi-14k T
Ax? <p>7j+%’]"k ! <:0>717%,]‘,k !
1

1
Pij+1k T 75— Pij—1,k T
(P)i it 1 v () v

id ok (P)i s

1 N 1 N 1 N 1 N 1 N 1
Pi,j
Plivyin Oipin Pigran Pijozn Pijars Pija !
1 ~ N N N - -
= m(?l,i+1’j’k — “i,j,k —+ 7)7j’j+1’]¢ — ’1)7j’]"]¢ —+ 7l)i,j,k+1 — ’Il)i’]"k)A

We can sct up Equation 8 for all simulation cclls. Note that boundary condi-
tions have to be considered for some of the cells. Finally, the equations for all
cells have to be combined into a global matrix equation, (A)x = (b). First, the
unknown pressure values of all cells are collected into a vector x, defined by & =
(- sPigk—1s " s Pig—1ky" " s Pi—1g.ks "5 Pigks s Pitl,gky " s Pig+1,ks " s Pigk+1
Next, we define a matrix that represents an operator:

W= arv (50). 9)

Therefore, cach row of the matrix A is formed as

1 1 1
7 <p>i,j,kfl7 ’ i ,k7 7 <'0>z‘7%,j,k7

AA””: V-@. That is, each element

Finally, a right-hand side vector is defined as (b)=—
of the vector (b) is given by

Ax N - N . N
_Z?WHMﬁ_uwﬁ+”MH$_vwk+wM&H_wM$) (11)

The matrix (A) is still sparse and symmetric. General sparse matrix solver can be
used to solve the system for pressure unknowns.
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4.4 Choosing Time Step

The Equation 8 is a forward Euler formulation, that requires small time step to keep
the simulation stable. It is known that At must satisfy the following conditions [3]:
A Arx®

—_——— and At < ——.

mazx(|ul, |v], |w]) G
On every simulation step (refer to simulation step no. 1), we have to check if the
current time step is small enough to satisfy above conditions. If not, the size is
decreased to satisfy both conditions.

5. BOUNDARY CONDITIONS

At simulation step no. 3 we set the boundary velocities and Neumann boundary
conditions for pressure. The cell can be occupied by a fluid in such case it is marked
as full cell or it can be occupied by an obstacle, marked as obstacle. On the interface
between two different types of cells we define the boundary conditions.

: : B
g 2 { P i
1R 0 R H
E .E“'*B'“ : _iu srafas : snsfss
.o "l i e ] -
R &1 o L [
o 0 ot T
- i3 P
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Arecsanafe. IR I Nesenanshes

Fig. 3. Four abstacle cells and three velocity components, w, v and w.

51 Melocities on Obstacles/Full Interface

For faces between two full cells, their intermediate velocities are caleulated with
Equation 5. For other faces, the velocity is set according to specific conditions. We
assume there is a large wall of obstacle cells with fluid cells to the right of the wall.
Figure 3 illustrates the situation with four ebstacle cells of the wall, and its three
highlighted u, v and w components of the velocity w.

The faces highlighted in the left image have u velocity components, on the in-
terface between obstacle and full cells. Their velocities are set to zero to prevent
fluid from passing through the faces. The middle and the right image show v and
w components, respectively. This components are defined on the interface between
two ebstacle cells. We have three possibilities to set the velocity for these faces.
The first, is simply to set the velocities to zero. The second, is to set the velocities
to the averaged value of adjacent faces which have full cell on both of its sides. It
is known as free-slip condition, allowing the fluid near the wall to slide freely. The
third, is to set the velocities to the negative of that value, called no-slip condition.
This condition makes tangential velocity at the surface of the wall to be zero. Given

33



k. Durikovie and K. Numata

that a cell's size is very small, the no-slip condition is the most aceurate one. On
the other hand, free-slip condition makes plausible fluid motion for coarse prids,

5.2 Neumann Boundary Condition for Pressure

To prevent Huid from entering into or flowing out of the ebstacle cell, there should be
no pressure changes between the full and the obstacle cells, In other words, gradient
of the pressure on the face between the cells should be zero. This sort of condition
i5 called Neumann boundary condition. For example, lower left back eell in Figure 4

Fig. 4. Cells facing obstacles.

is faced with 3 ebstacle cells in back. The Neumann boundary condition should be
sot on these faces, That is, pressure difference on a face interface in direction of
the face normal should be set to zero. In this case a corresponding row of the left
hand side of matrix Equation 8 can be written as

_ph:_f.! _pﬁr.fr.m.‘ —th:k + ﬁprcnh‘r _prl'y.h! oyt Pubur.'l.-. =T P’frr.rni‘ = {p!r.f! Ly prﬂni.r.r}
+fﬁh!ow = pdtu!grj -+ [Fﬁnrk == pﬂ.-n.!er} — dPeenter + Pright + Pabove + Pfront- “-2}

The first three terms on the right side of Equation 12 are differences between full
and ebstacle cells. Since, the boundary condition states that pressure differences
should be zero, the corresponding row of the matrix looks like:

NN I, VR O S OO~ (- (B () (13)

6. ESTIMATION OF SURFACE TENSION

Sometimes, the Auid interfaces behave like elastic films. The effect is caused by
surface tension. Surface tension results in a surface force, which acts on the interfa-
ces. Surface tension plays an important role in many natural phenomena. Accurate
caleulation of the effect needs well-defined Huid interfaces. Although our simulator
doesn't consider actual shape of the interface, a model ecalled continnum surface
foree (CSF) ean be used to approximate the surface foree without that informati-
on [1]. Method is based on volume foree that converges to surface force as the grid
size becomes smaller. We propose the extension of this idea to multiple fluids as
well.
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Volume force exerted by fluid n based on the VOF value, F,,, is written as

' = 0,6, VF,,

n

where o, is surface tension coefficient, and k,, is curvature of the fluid’s surface.
Normal and curvature of the surface are calculated from VOF values as

n, = VF,,
kn = —(V -1y),

where 1n,, represents unit normal vector, n, /|n,|. Curvature k,, is defined at center
of a cell. However, as normal is a vector quantity, components of n,, are separately
defined on faces of a cell, and they must be interpolated to obtain values at other
positions, see Figure 5. For example, x-component of a normal vector defined on
center of right face of a cell (¢, j, k) will be

ne _ Faivige — Faoigik
Niv1/2,5,k — dr )

and its y-component is obtained by interpolation:

ny Pt/ = Pipr—12 T it /on T it 20k

Piv125k = 4

Now, we are almost ready to calculate the surface foree £ on cach cell face. To
get the curvature defined on a face between two cells we need to interpolate two
cell-centered curvatures. Finally, volume forces for all fluids are accumulated and
added to the external forces in Equation 5:

F=> fr+ 10

7. TRACKING FLUID SURFACE

As a fluid moves, its VOF value changes continuously along the fluid’s velocity field
as calculated at the simulation step no. 2. We can write down the equation that
moves the VOF value F' with fluid’s velocities as

OF oF oF OF
—=—u-V)F=-u——-—v— —w—.

g — V) Yar Vay TV

For an incompressible fluid the above equation can be combined with Equation 4
to yield the equation:

oF  OFu OFv OFw

ot Oz Oy bz
Above equation is in the divergence form that might be easier to understand if we
think of a small cell with faces. It governs the change of I in a small cell as a total
flux of F across the cell faces. Consequently, the total of the F' within the grid
is conserved. Straightforward finite difference discretization of the equation is not
sufficient to track the fluid surface. Since each cell has only an averaged value of
F, it can cause severe diffusion for the grid. The main reason of the diffusion is
an assumption that the value of F' is constant within a cell. If a cell contains fluid
interface, there should be sharp changes of F in the cell, but the averaged value of
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F smears the sharp profile of the F' and introduces a blur like effect. Eventually,
surfaces of fluids are quickly smeared.

For that reason, a special care must be taken to preserve sharpness of fluid
surfaces. A flux approximation technique called donor-acceptor method was used
in the case of a single fluid [8].

7.1 Proposed Donor-Acceptor Method

The essential idea is to use multiple values in upstream/downstream, leftstre-
am /rightstream, fromstream /backstream cells to approximate crude shape of sur-
face in the cells, and then compute the fux using that information. First we must
find the denor and acceptor cells that are determined by normal velocity u on cell
faces. The amount of F,, Huxed across a cell face in a single time step then given

by

VF, = min(FAP|V|+ CF,.FP),
CF, = max((1 - F}?)|V|- (Y FP - FP),0),
1
udst
V==

where FP is F, value of the donor cell, and the value of FAP is determined by
conditions described below. The above caleulation is iterated over all faces between
cells marked in MAC grid as full,

DeFsimion 1. fselated cell. The donar cell is called isolated if there és fluid n
that satisfies F’ > Fpeishtor for all neighboring cells.

The value of F is initially set to FP if the donor cell is isolated or otherwise

F:. Our approach prevents a fluid in a donor ecell to flow into the next cell until
the donor cell is filled with the Huid, unless the fAuid is isolated in the cell. Figure 6

Fig. 5. Estimation of the normal and curvature at fluid surface,
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visually shows some examples of AF,, and CF,,. Since velocity on the middle face
is directed to the right cell, the left cell becomes doner and the right cell becomes
acceptor. There are two Auids, namely fluid! and fluid?. Left cell contains more
fluid? than fluidi. while right cell has more fluidi than the lefi cell. We assume
that some of neighbor cells of the left cell are filled with fiuid2 therefore, the left
cell is not isolated in this case, and we will use the values of acceptor cell for F'P.
Vertical dashed line represents |V| and minimum in the above equation works for
the fluidl. It limits the flow of fluidl to the amount of the Auid in the left cell,
The flux of the fluidl, &Fy, is highlighted in the right bottom part of the left
cell. For the fluid2 the above equation makes value C'F; larger than 0. It accounts
for the additional flux of the fluid2 shown under the horizontal dashed line. It
compensates the lack of the fluidl. At the end the Auids will How through the
face, and the hole process is iterated for all simulation cells.

e—IvI—]

'
!
o, F=FY
3
i
15 hY
: Fi=F"
11 /
N
Donor  * Acceptor

Fig. 6. Illustration of AF, and CF,.

B. VISUALIZATION

After we obtained VOF values fluid surfaces can be constructed from those values
by employing the marching cubes algorithm [11]. The algorithm divides space
into small logical cubes and creates triangles inside each cube according to values
of its eight vertices. If a value at a vertex is larger than a user-specified value,
that vertex is inside the surface. Vertices with values below the specified value
are outside of the surface. Normal to the surface is obtainable from gradient of
values at grid vertices. We can caleulate gradients at the cube vertices by taking
central diferences. Normal vectors at the intersection points are estimated by linear
interpolation and assigned to the triangle vertices,

This approach enables direct palygonization of VOF values. Since VOF values
are placed at centers of simulation cells, the only thing to do is to create cubes by
shifting our simulation grid. Setting values of cube vertices to the VOF values of
the Huid makes polygonized surface of the Huid, see Figure 7.
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P
s »

Fig. 7. Logical cubes and triangulated surfaces.

9. RESULTS

The input to the simulator is the simulation environment defined by the size of si-
mulation grid, fluid’s properties and placement of fluids and obstacles in grid cells.
State of the simulation is calcolated at every simulation time step and the polygoni-
zer constructs the surfaces of Huids composed of triangles. We demonstrate the im-

Fig. 8 Animation frames showing the interaction between two fluids. Initially the
heavy fluid is on the left and light fuid is on the right side.

plementation of proposed algorithms in our custom system on an example including
two fluids, heavy and light one. For heavy fluid we use the real physical parameters

38



Multi-phase Flow Dynamics with Volume Preservation

of water at 20°C: density puaier = 1000kg/m?, viscosity v pe, = 0,001002Nsm ™=,
and surface tension 0.0T28N/m*. For light fluid we use the parameters of air at
20°C: density pair = 1.220kg/m?, viscosity v, = 1.71- 107 Nsm ™2, and surface
tension ON/m?, There is a gravity vector acting downward, (0.0, =9.8,0.0)m/s~1,
The size of the simulation grid cell is 0.5em.

The simulation results were finally rendered by POV-Ray (Persistence of Vision
Raytracer) [12], which added the optical effects using ray-tracing algorithm. All of
the simulation examples run on a PC with Athlon XP 1900+ and 1GB RAM.

In Figure 8 a column of a heavy fluid is placed at the left half of the simulation
grid, the other half is filled with the light fluid. The simulation was performed on
24 x 24 x 24 cells. The gravity causes pressure differences that moves down the
heavy Auid and moves up the light fluid. The heavy fluid moves left and right several
times. Gradually the movement slows down as the surface become horizontal.

In Figure 9 a block of the heavy fluid 15 placed at the top of simulation grid, and
a layer of the fluid is also placed at the bottom. The other region is filled with
the light fluid. Size of the simulation grid is 24 x 24 x 24 cells. As the simulation
progresses, the block begins to fall down, changing its shape to rounded one, then
it drops to the bottom layer, making small splashes. Eventually, the fluid settles
at the bottom of the grid. Figure 10 is a counterpart of the previous example. A

Fig. 9.  Animation frames showing a mass of a heavy fluid falling in a light Auid.
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block of the light Auid is at the bottom, and some of the upper cells are filled with
the heavy fluid. The block behaves like a bubble in a liguid, changing its shape
dynamically. First, it gets rounded, becomes ringed, and separates into small parts,
When they reach to the surface, they disappear leaving small waves.

Fig. 10. Animation frames of a light Auid bubble rising in heavy Huid.

10. CONCLUSION

In this research, we proposed a physics based method for animating fuids. The
major advantage of the method is that the method can deal with many Auids
simultaneously. Whereas many simulation methods treat only single fluid in vacuum
space, such treatment may not be appropriate in some cases, For instance, if we
want to animate dropping water in oil, the mass and viscosity of the oil is not
negligible. It was also difficult to make animation of air bubbles without considering
air pressure. Our approach can handle those simulations because of novel estimation
of surface tension for multiple fluids and extended YVOF method.

Our simulation method is based on finite-difference equations of motion of Huids,
Muost of the process is straightforward. We adopted the proposed extension of VOF
hased method to track multiple Auids, because it prevents mass losses of the fiuids
completely. Sinee we don’t have any extra space in our simulation region, change
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of fluid volume would be problematic. Tn addition, proposed methods are suitable
for long time animations. Our simulation examples show many capabilities of our
method. Animations of fluid interactions, like bubbles in liquid, are realistically
simulated. The method is also applicable for fluid motions in which only single
fluid plays a large part.
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