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Abstract

We present a method for simulation and visualization
of a liquid splash motion. The proposed system is
composed of a computational fluid dynamics and a
polygon based renderer using multi texturing graphi-
cal acceleration. The system well supports theNavier-
Stokessolver with adaptive time step and viscosity.
The final liquid surface is obtained from the velocity
field by rough estimation of the surface and then sub-
dividing the surface. Rendering of the surface is per-
formed by multi texturing method using the caustics,
reflection, liquid and object textures.

Keywords: animation, cumputational fluid dy-
namics, Navier-Stokes equations, natural phenomena,
multi-texturing

1 Introduction

Physical based simulation, animation and visualiza-
tion are playing an important role in the field of
computer graphics (CG) in recent years. The im-
provements of physical based methods support CG-
designers in producing realistic CG animation of nat-
ural phenomena; for example, rigid body collision [8],
destruction of walls [1], explosions [10], fluid dynam-
ics, steam motion and flames.

The time needed for simulating and rendering the
physical based effects consumed several hours per
frame using ordinary ray-tracing method. Many re-
searchers apply computational fluid dynamics (CFD)
for physical based animation to generate realistic fluid
motions. Foster [2, 3, 4] developed a modeling and
controlling method based on CFD, which reduces sim-
ulation time costs and implements a high controllabil-
ity of fluid.

Kunimatsu[7] reduced the rendering time of fluid
media to60 seconds per frame. Their team utilized
modern high performance Personal Computer (PC)
and graphics acceleration hard-ware. However this
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method can not treat small fluid objects such as splash
and spray.

Our final goal is to develop a real-time system for
realistic fluid animation. The system will employ the
following specifications:

1. Dynamic fluid motion including mixture, splash-
ing, self-collision, etc.

2. Realistic appearance including th refraction, re-
flection and caustics.

3. Real time simulation and animation.

For satisfying these terms, we planned to combine and
improve the methods described in Foster [4] and Ku-
nimatsu [7]. We add two new ideas to this hybrid
method. The first, is the adaptive time step iteration
and automatic control of system stability, which re-
duces simulation time costs. The second idea, is the
introduction of reflection texture mapping to realistic
water appearance.

The main application of the proposed method are in
the motion picture industry. This system gives high
quality previews for CG-designers therefore, results
are easily evaluated and instantly modified. To render
final high quality animation sequences, we focused on
the appearance and dynamics of water using a non-
real-time rendering algorithms.

The papers has the following structure. Section 2
describes the simulation method. Section 3 describes
the polygonization of water surface capable of follow-
ing the splash changes and the hard-ware accelerated
rendering method. Section 4 shows the rendering re-
sults and the time costs of simulation and rendering.

2 Simulation Method

The key point of this simulation method is to combine
the application of Navier-Stokes equations on low res-
olution finite difference method and use maker parti-
cles for tracking water surface. This method requires
only low calculation cost and it provides high control-
lability for water motions.

2.1 Physical Model

At human scale, the behavior of water is influenced by
the following forces:



Momentum : Water moves under the laws of energy
and momentum conservation.

Gravity : Gravity and pressure cause most water
waves.

Viscous drag : This is the key producing the real be-
havior of water. This part leads directly to self-
propagating rotation.

Pressure : Pressure is the important fact in the behav-
ior of the surface of water. The motion of the wa-
ter surface is influenced by changes in pressure
within the volume.

Other motion factors, turbulence and surface tension,
cause few effects relative to the above four forces at
human scale.

TheNavier-Stokesequation includes these four fac-
tors and completely describes fluid motion. The equa-
tion consists of two parts. The first part is a non-
linear equation, which shows relations among velocity
u, pressurep and forces:
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+ (u · ∇)u = ν∇ · (∇u) + f − 1
ρ
∇p, (1)

where velocity fieldu = (u, v, w), ν is kinematic vis-
cosity andf is the sum of external force vectors. Con-
stantρ is density of fluid, which is equal to1 for water.
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The second part, ofNavier-Stokesequation, models
mass conservation of liquids,

∇ · u = 0. (2)

This equation states that the net inflow and outflow is
zero. Together with suitable boundary conditions, the
Navier-Stokesequation can be used for simulation.

Our simulation system runs on 3-dimensions and
treats only the gravity forceg = 9.8ms−1 as an ex-
ternal force. Thus, Eqs. 1 and 2 can be written as [2]:
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2.2 Simulation Grid

In order to solve theNavier-Stokesequations using
central finite-difference method, all solid obstacles and
the atmosphere in the scene are approximated using a
series of fixed cubic grids. Velocity and pressure are
defined on the grids.
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Figure 1: Location of staggered velocity components
and pressure on a cell.∆τ is grid size.

Pressure is defined at the center of each cell. Each
velocity componentu, v andw in x, y andz directions,
is defined at the centers of each face of a cell, shown
in Figure 1. While solving equations in discrete form,
velocities which do not lie on faces are required. In
this case, unknown velocities are averaged among the
nearest values, e.g,vi,j,k = 1

2(vi,j− 1
2
,k + vi,j+ 1

2
,k).

Each cell has four content attributes which areFull,
Surface, Obstacleand Empty. An Emptycell repre-
sents atmosphere, anObstaclecell contains a solid ob-
stacle, aSurfacecell contains fluid, but faces at least
oneEmptycell, finally a Full cell is filled with fluid
and does not face anyEmptycells.

2.3 Boundary Conditions

The Navier-Stokesequation can be applied automat-
ically without testing surface or obstacle positions
when the boundary conditions are set. Boundary con-
ditions are determined from the attributes of a cell. A
boundary is the interface between water and the at-
mosphere, or water and an obstacle. To simplify the
explanation, we use a 2-dimensional model in(x, z)
coordinate system.

2.3.1 Obstacle and water

Left image of Figure 2 shows an obstacle and a water
surface. To avoid water passing into the obstacles, nor-
mal velocity on the obstacle face must be zero namely,
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Figure 2: Boundary Condition. Right: The obstacle
and the full cell. Left: The free surface cell.

u0 = 0. If the surface of an obstacle is non-slip, tan-
gential velocities are also zero. This condition is ap-
plied indirectly by setting tangential cell face velocity
inside the obstacle equal to the opposite value of tan-
gential velocity of the neighbor cell,w0 = −w1. If the
surface of an obstacle is smooth and water can slip,
inner tangential velocities are set equal to outer tan-
gential velocity,w0 = w1.

For eliminating any acceleration across the obstacle
boundary, the pressure of the obstacle cell is set the
same as the pressure of the adjacent fluid cell.

2.3.2 Water and atmosphere

Equation 4 is used to set boundary conditions atSur-
facecell. If the cell is surrounded by threeSurfaceor
Full cells, the velocity of the open side is calculated
from the divergence of the targetSurfacecell. For ex-
ample, consider the situation on right of Figure 2, the
velocity wi,j,k+ 1

2
can be derived from explicit finite

difference method of Eq. 4 as
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where∆x and∆z are grid sizes. Considering∆x =
∆z, the above equation can be written as
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In the case of cell surrounded by two fluid cells with
attribute eitherSurfaceor Full, each open side velocity
is set equal to the opposite side velocity. This modifi-
cation satisfies Eq. 2. If the case when three sides of
the cell are open, velocity of the side facing the fluid
is carried to the opposite side and, the other two sides
are not changed.

In the 3-dimensional system, there are 64 different
combinations ofEmptyand Full cells. Please, note
that the pressure of theSurfacecell is set equal to the
atmospheric pressure.

2.4 Numerical Method

The calculation step is divided into two parts. The first
part calculates new velocities using Eq. 1 with the ve-
locities and the pressures of the previous time step.
The resulting velocities will not satisfy mass conser-
vation, Eq. 2. Therefore, the second part, modifies the
resulting velocities and pressures of former calculation
using Eq. 2.

2.4.1 Calculation of velocity field

To calculate the velocity field, explicit finite differ-
ence approximations are applied to Eq. 3. The ve-
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Similarly, we can writevi,j+ 1
2
,k andwi,j,k+ 1

2
, except

the gravity component is added towi,j,k+ 1
2
. In each

iteration, new velocities are updated by calculating
the above equations with previous velocities and pres-
sures.

2.4.2 Mass conservation

The result of the calculation described in previous sec-
tion does not satisfy Eq. 2. The efficient way of en-
forcing incompressibility is to modify pressures using
the Laplacian operator [5],

∇2p =
ρ∇ · u

∆t
.

Applying explicit finite difference approximations at
the center of the simulation cell, the above equation
can be discretized to
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The above equation forms a linear systemAP = b.
A is a regular and symmetric matrix. The diagonal
coefficient aii is equal to negative number of cells
adjusted to celli, and non-diagonal elements are set
aij = aji = 1 if the cell atj is the neighbor of the
cell at i, P = (p0,0,0, p0,0,1, . . . , pi,j,k, . . .) is a vector
of unknown pressures. The SOR [6] iterative method
can solve this sparse linear system.

After calculating new pressures, the velocities of
each cell are updated by

ũ = u−∆t
1
ρ
∇ · p.



2.5 Tracking Water Surface

To utilize massless marker particles is a simple and ef-
fective way for tracing free water surface. Marker par-
ticles are introduced into the simulation system at in-
flow points and follow the velocities of the cell which
the particle is in. The particle does not have mass and
does not influence calculations. Marker particles are
just used for free water surface detection. The position
and velocity of particles are calculated from velocities
of adjacent cells using an area weighting interpolation
scheme demonstrated in Figure 3. After new particle
positions are found, attributes of each cell are changed
as follows:

• A cell which does not contain any particles is an
Emptycell.

• A cell which has at least one particle and faces at
least oneEmptycell is aSurfacecell.

• A cell which has at least one particle and does not
face anEmptycell is aFull cell.

u0

u2u3

u1

w0

w2w3

w1A0 A1

A2
A3 A0 A1

A2A3

Figure 3: Gray point is position of particlep. New
velocities ofp are delivered fromup = A0u0+A1u1+
A2u2+A3u3 andwp = A0w0+A1w1+A2w2+A3w3.

2.6 Stability

Long time step makes total simulation time shorter but
can introduce the instability. We utilize an adaptive
time step which guarantee the largest time step with
stability. To keep this simulation system stable, vis-
cosity ν and time step∆t must satisfy the following
conditions [3],

∆t|u| < ∆τ, (5)
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If the situation that viscosity does not satisfy Eq. 7
occurs, viscosity will be increased for satisfying this
equation at an unstable cell. Each cell has This modi-
fication causes few visual effects to the simulation re-
sult. After modification of viscosity, time step∆t is
checked by the Eqs. 5 and 6. If a time step does not
satisfy them, it will be decreased to satisfy both condi-
tions.

2.7 Implementation of Algorithm

The simulation system is composed of two parts. The
first part initializes simulation grids, the initial water
position and its velocities, obstacles, inflow and out-
flow positions. The second part iterates the calculation
of theNavier-Stokesequation. The outline of the sec-
ond part is as follows:

1. Determine the contents of each cell using the sur-
face tracking method.

2. Set boundary conditions for the free surface and
obstacle cells.

3. Check stability conditions and modify viscosity
and time step.

4. Compute velocity for all cells filled with water
using theNavier-StokesEquations.

5. Compute new pressures and velocities which sat-
isfy mass conservation.

6. Compute maker particle positions

7. Update the position of the surface.

8. Repeat

3 Rendering Method

The combination of texture mapping techniques and
surface subdivision methods provides a good visual-
ization of liquid surfaces. The rendering consists of
following steps:

1. Polygonization of water free surface.

2. Generation of caustics textures.

3. Mapping refraction textures

4. Blending caustics, reflection and refraction tex-
tures.

5. Drawing water surface and scene.

Using this method, the refracted image is directly
mapped to the water surface.



Figure 4: Subdivided grid and surface detection.

3.1 Polygonization of Water Surface

In this simulation system, the environment is divided
into a low resolution gird. We divide the grid into
smaller girds and determine more accurate surface po-
sitions, shown in Figure 4.

3.2 Subdivision Surface

The resulting polygon mesh is very rough for ren-
dering realistic images. The mesh surface needs to
be modified to be smoother by applying a surface
subdivision algorithm. TheCatmull-Clark or Loop
subdivision surface [9] were used. Both subdivision
algorithms are very simple to implement.

We use the Cutmull-Clark method for subdividing
surface. The method can not handle non-manifold
edges. To overcome the problem, non-manifold edges
detected on the coarse-mesh are split into separate
cells.

3.3 Caustics Texture

The effects of caustics make a more realistic appear-
ance. At first, for each object two textures are created,
one is the original texture which contains the objects
surface image, and the other is the caustics texture ini-
tialized as zero. For each polygon of water surface
mesh, an illumination volume is defined by sweeping
in the light direction as shown in Figure 5. If an inter-
section occurs between the illumination volume and
the object surface, intensity will be added to texels
of caustics texture on the projected area of the illumi-
nation volume. The intensity is obtained from Equa-
tion [7]

Icaustics = (N · L)
S1

S2
Ilight, (8)

whereIcaustics is an intensity of caustics andIlight is
an intensity of light.

3.4 Reflection Texture

The reflection effect can be calculated and stored in to
a independent texture. Consider Figure 6, the intensity
of each texel is calculated as follows:

Treflection(θ) = cosn θ, (9)

wheren is the user defined value. It determines the
sharpness of reflection.

L N

S1

S2

Figure 5: Generation of caustics texture.N is a normal
vector of surface polygon,L is the light direction,S1 is
an area of surface polygon andS2 is a projected area of
illumination volume and the gray plane is the texture
of an object.

L
D

αα θ

Figure 6:L is a light direction vector andD is a cam-
era direction vector.

3.5 Refraction Mapping

To simulate refraction effects, the texture of an object
is directly mapped to the water surface polygons. The
texture coordinates,u andv, are calculated by tracing
the ray’s route from camera to target object by

nair sin θ1 = nwater sin θ2, (10)

wherenair is a refractive index of air andnwater is a
refractive index of water. In Figure 7, the texture of
an object is directly mapped to the water surface and
the texture coordinates,u′ andv′, are mapped to the
vertexP of a triangle patch.

3.6 Blending of Textures

Reflection, caustics and object textures are blended by

Tresult(u, v) = Treflection(u, v)Twater(u, v)

+ (1− Treflection(u, v))

× {Tobject(u′, v′)(Tcaustics(u′, v′) + Iambient)},
whereTresult(u, v) is a final texture color at(u, v),
Treflection is a reflection texture,Twater(u, v) is a wa-
ter original texture colorTobject(u′, v′) is an original
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Figure 7: Projected mapping.

texture color of the object at projecteduv-coordinate
of (u, v) and Tcautics(u′, v′) is the intensity of the
caustics texture.Iambient is an ambient intensity for
all surfaces in a scene. The resulting texture is directly
mapped onto water surface polygons and rendered di-
rectly, using graphic accelerated hard-ware.

4 Results

The system are executed on a PC which hasAthlon
1.2G-Hz CPU, 512MB main-memory andGeForce2
GTSwith 32MB video-memory. Figure 8 shows an
example scene which water is falling into a small pool.
The simulation grid resolution is 20x20x20 and the
grid size∆τ is 10cm. Initial water velocity is 1.4m/s
and the inflow shape is a circle with a radius of40cm.
The time step∆t range is from0.0003s to 0.01s. The
average rendering time is27s/f and the simulation
time is11s/f .

Figure 8: An example of resulting image

5 Conclusion and Future Work

We presented full solver of theNavier-Stokesequa-
tion with an adaptive time step method and fast render-
ing technique using graphical-hardware. The simula-
tion and rendering method is examined and we can get

even faster frame rates after tuning the techniques. The
works under progress include the improving of caus-
tics and refraction mapping.
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