Prezentacia z formalnych jazykov a automatov

Juraj Onderik

Uloha ¢&. 5/10

Zadanie: Nech G je bezkontextova gramatika v Chomského normdalnom tvare
s k pravidlami oéislovanymi 1, 2, ..., k. Nech L = {wu|w € L(G) au je postupnost
Cisel pravidiel pouzitych v Tavom krajnom odvodeni w v G}. Dokézte, 7e L €
DSPACE(n?).

RieSenie: Zostrojme teda, taky (3-pdskovy) Deterministicky Turingov Stroj
A, ktory je S(n?) ohranic¢eny a L(A) = L.

Konstrukcia A: Nech G = (N,T,P,0), I = {1,2,...,m} a P = {P|k € I},
potom A = (K, %, T,6,qo, F), kde :

K = {Q(hqsaqlan7q3aQ47anQGaQ77qA} u {l]a|C —ac P}

¥ =Tul
' =TUNUIU{B}
F={qa}

Princip: A bude pracovat na 3 paskach. Na Prvej ma uloZzeny vstup a na
druhej a tretej postune simuluje lavé krajné odvodenie v gramatike G.

1. Prejde terminalnim prefixom na prvej paske, najde prv ¢islicu a na druht
pasku zapise o (go, gs)

2. Kopiruje terminélny prefix z druhej pasky na tertiu. (¢1)

3. Podla najlavejsieho netermindlu C' na druhej péaske a aktuélnej ¢islice k
na prvej paske, zapiSe « - prava stranu pravidla P, = C — « (ak také
existuje). (ga)

4. Zvysok druhej pasky prekopiruje na tretiu. (go)

5. Vrati sa na zaciatok druhej a tretej pasky a skopiruje tretiu na druha.
(q37 q4)
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Dokaz:

Vrati sa na zaciatok druhej a tretej pasky, prejde na dalgiu ¢islicu na prvej

péaske a pokracuje v simulécii odvodenia. (gs, g1, --.

)

Ak v8ak preSiel na prvej paske na B , vrati sa zaciatok prvej pasky
a skontroluje znak po znaku vstupné slovo na prvej paskel s aktualnou
vetnou formou na druhej paske, ak OK akceptuje. (qq,q7,qAa)

(S(QU,QT,B, B)
6((107 ka BaB)

6(QS7 k’ B7 B)

6((117 ka t: Z)
6((117 ka C: Z)
6((117 Ba 21, 22)

6(qea, k. C, 2)
5((]5’ k,C, Z)

6((127 ka 21, 22)
6((]27 k: B7 Z2)

6(qs, k, 21, 22)
6((137 kv B; 22)
6((137 kaa B)

6((]47 kazla 22)
6((]47 kaBa B)

6((157 kvzly 22)
6((157 kaa B)

5(‘167 2y 21, Z2)
6((167 szly 22)

6((]771;71;7 Z)
6((]77 k',B,Z)

o-funkcia

(qov (:17, 1)’ (B,O), (B,O))
(45, (K, 0),(B,0), (B,0))

(q17 (ka 0)7 (07 O)a (B,O))

(g6, (2, —1), (21,0), (22,0))
(q77 (Ba ]-)7 (zla 0)7 (2270))

(Q7, (:17, 1)’ (1‘, 1)7 (270))
(qA7 (k,O), (B,O), (Za O))

A akceptuje prave jazyk L, teda L(A) = L

zeT
kel

kel ceN

kel teT,ze NUTU{B}
kel, Po=C—a
Zl,ZQENUTU{B}

kel, CeN, ze NUT, ze NUTU{B}
kel, CeN, ze NUTU{B}

kel, 1€ NUT, e NUTU{B}
kel, e NUTU{B}

kel, z1,0 e NUT
kel, e NUT
kel

kel, 1 e NUTU{B}, z2€e NUT
kel

kel, z1,2€e NUT
kel

z€X, z1,20 € NUTU{B}
Zl,ZQENUTU{B}

zeT, ze NUT U{B}
kel e NUTU{B}

Dokazme najprv, ze takto navrhnuty Deterministicky Turingov Stroj

L(A) C L: we L(A) = w € L. Vieme, ze w € L(A) = (go, (w,0), (¢,0), (5,0)) F*
(g4, (v1,11), (va,12), (vs,13)). Nech w = wvy uw € T*, v e I* yeX* t €T



CeN, e (NUT)*, potom plati:

e Indukciou na u: (go, (w,0), (¢,0), (¢,0)) F* (go, (w, |u|), (¢,0), (¢,0))
IPu=e (go,(’LU,O),( )7(570)) H° (907( 7|u|)a(5a0)7(570))
2° u = uox (go,('lU,O),( ) (550)) ')_Iu]g (905( 7|u0|)a(5a0)7(570)) l_(Ul)

(g0, (w, |u]), (5 0), (¢,0)
* (90, (w,[u]), (€,0),(¢,0)) Foz) (95, (w,ul), (€, 0), (¢,0))
® (gs. (w, |ul), (£,0), (e, 0)) Fo3) (91, (w, |u]), (0.0), (£,0))

)
e Indukciounat: (g1, (w, [u]), ((CB,0), (€, 0)) F* (g1, (w, [u]), ((CB, |¢]), (¢, [t]))
t=c (g, (w fu)), (kCB,0), (c,0)) F* (g1, (w, [ul), (¢CB, t]), (1, t])
2 t=tox (g1, (w, |u]), (tCB,0),(£,0)) 2 (g1, (w, u]), ¢CB, [to]); (to. [to])) Fon)
(g1, (w, [ul]), (]CB; |¢]), (&, [#])

o (g1, (w, |u]), (¢CB, |t]), &, [t])) F(o5) (9as (w, [ul), (LCB, [t]), (¢, [¢]))
P.=C—«

|_
|_
)

1Pa=c  (ga,(w,ul), ¢CB,t]), (& |t]) F° (ge, (w, u]), (¢CB, |t]), (tay, |tal))
2°a=xap  (ga, (w, ul), (LCB, [t]), (1, [£]) For) (Gaos (w, Jul), (HOB, |2]), (tz, |tz])) Fi3S!

e Indukciouna a: (ga,(w,IUI),(tCB,ItI),(( |t||)) " (9e, (w, [u]), ((CB, [t]), (ta, [tal))
(, [¢]

(9= (w, [u]), ((CB, |t]), (ta, [tal))

(

)

t,
tor,
° (g€7 (w7 |U’|)’ (tCﬁ, |t|)v (tOé, |tOé|)) l_(08 92, (w7 |U’|)7 (tCBa |tC|)7 (tOé, |tOé|))

o Tndukeionna : (g2, (w, [ul), (KB, [€C), (b, [tal)) F* (g5, (w, u]), (KCB, [ CA), (ta, taB))

1° ﬂ =€ (g% (wv |u|)7 (tCﬂ |tC|) (tOé, |ta|)) o (927 (’LU, |u|)v (tCﬂ, |t0|)7 (taﬂv |taﬂ|))

2° B =for (g2, (w,]ul), (1CB, [1C), (v, |te)) F Y.

(92, (wv |’LL|), (tCﬂ, |tCB0|)v (taﬂﬂa |t0460|)) l_(09)

(g2, (w, [u]), (tCB, [tCB]), (taB, [ta3]))
(

® (92, (w, |’U,|), (tCﬂ, |toﬂ|)7 taﬂv |taﬂ|)) |_(10)
g3, (wv |’LL|), (tCﬁ, |t0ﬂ| - l)v (taﬂv |taﬂ| - 1))

(
(
o Tndukciou na tCB" : (g, (w, [u]), (tCB, [tCB| — 1), (taB, [taf| — 1)) F*
(g3, (w, Jul), (tCB, ~1), (taf, —1))
1°tC8=c (g3, (w,u]), (tCB, [tCB| — 1), (taB, [taf| — 1)) H°
(g3, (w, |ul), (tCB, 1), (taf, ~1))
2° 108 =av (g3, (w,|ul), (OB, [tCB| — 1), (taB, [taB| — 1)) Fi),a2)
(g3, (w, |ul), (tCB, |v| — 1), (taB, v| — 1) F}}
(93v (wv |’LL|), (tCﬂ, _l)v (taﬂv _1)
)

* (g3, (w, |u]), (¢CB, =1), (tafB, 1)) F(13) (94, (w, |u]), (tCB,0), (ta3,0))

IPre tplnych formalistov. Treba si uvedomit, e [tCS| < |taf| (Chomského normélny tvar)
a teda treba pouzit dve indukcie najprv na |[¢C| znakov a potom druhd na 3.péske pre zvySok




e Tndukciou na taf: (g1, (w, [ul), (tCB,0), (ta,0)) F* (ga, (w, [u]), (taB, [taB]), (taB, |taB]))
1°taf=c (g, (w,|ul), (tCB.0), (taB,0)) F° (g, (w, u]), (taf, |taB]), (taB, |taf]))
2° taff = v (ga. (w,|ul), (tCB,0), (taf3,0)) Fr}

(g1 (w, [u]), (v, [V]), (v, V) Faay
(g1, (w, [ul), (taB, [taf]), (taB, |taB)))

b (94, (w’ |u|)v (tOé,B, |ta18|)7 (tO‘IBa |ta:8|)) |_(15)
(g5, (w, |u]), (taB, [tap] = 1), (taf, [tap| — 1))
1
(

e Indukciou na taf: (gs, (w, [u]), (taf, [taf] — 1), (taf, |tas] — 1)) F*

s, (w, |ul), (taB, —1), (taB, —1))
1° taf =« (g5, (w, |u]), (tap, [taB| — 1), (taB, |taB] — 1)) F°
(g5: (w, [ul]), (taB, =1), (taB, 1))
2° taﬂ =zv (95: (U), |u|)7 (taﬂ: |taﬂ| - 1)7 (taﬂ: |taﬂ| - 1)) l_(lﬁ)
(95 (w, |u]), (ta. |v| = 1), (taB, |v] = 1)) i
(95, (w, |u]), (taB, 1), (tafB, —1))
® (957 (w7 |U|), (taﬁa _l)a (tOéB, _1)) I_(17) (gla (wa |U| + 1)7 (tOé,B, 0)7 (tOé,B, O))

% 0), (72, )) * (91, (w, |wv]), (71, 0), (12, 0))

(727 )) (gla( ,|UU|),(’)/;,0),(’)/I2,0))
(2,0)) 12! o
)7(72v )) (gla(wa |U’U|),(’}/l,0),(’}/2,0))

i (glv (wv |w|)v ('7170)v ('727 0)) l_(06) (96, (w |’LU| - 1) (717 O)v ('727 0))3

e Indukciou na w: (967 ( ’ |w|_1) ('71, ) (’YZv )) (96, ( ’ 1)7 (717 O)v ('727 0))
IPw=e (967( |w|_1) (’717 ) (’727 )) H0 (967( w, 1)7(’71’0)7(7270))
2°w==zwo (g6, (w, |w| —1),(71,0),(72,0)) F(1s)
(96, (w
(6 (

e Indukciouna v
1°v=c¢

(glv ( s |’LL|), (’71
(g1, (w, |ul), (31,0

2° v =wvox (gla (’LU, |u|) ('71v
(g1, (w, [uvo), (41,

0),
0).

g6, (w, lwo| = 1), (11,0), (32, 0)) H‘?‘
g6, (W, _1) (7150)7('7270))

* (gﬁv( w, — ) ('717 ) ('727 )) '_(19 (g7a(w70)v(71v0)7(72v0))

e Indukciou na u: (g7, (w,0), (11,0), (72,0)) F* (g7, (w, |ul), (71, [u]), (32, 0))
Pu=c (g7, (w,0),(71,0), (2,0)) F (g7, (w, ul), (1, [u]), (32, 0))
2> u=ugz (g7, (w,0),(11,0), (72,0)) !
ESJ%E s [wol), (71, [uol), (72, 0)) F (a0
)

g7, (w, [ul), (71, [u]), (32,0))

o (g7, (w, [ul), (01, [ul), (12,0)) F 21y (9, (w, [ul), (11, [ul), (72,0))*

2T4to indukcia v sebe skryva predoglé indukcie, najmi v 2°

3Vidime, %e w = uv a 8 = ¢, lebo inak by sa A zasekol.

4z §-funkcie vyplyva, 7e 41 = u, teda A akceptoval terminalne slovo odvodené v G Tavym
krajnym odvodenim.



L C L(A): wEL:?>w€L(A).Vieme,2ewEL:>w:uv ueT* vel*,
kde v je postupnost ¢éisiel pouzitych pravidiel v favom krajnom odvodeni w v G.
Formalny postup tejto inklazie je analogicky, takze ho uvadzam. Treba si vSak
uvedomit, ze teraz hladdme vypocet A na w, teda argumentécia pri dokazovani
jednotlivych indukcii je jemne odlisna.

Doékaz S(n?) ohranidenosti A: Uvazujme teda lavé krajné odvodenie slova
wv G
O=V] V= "=V =W

Dokzme MI nasledujice tvrdenie:
Vi1 < < n)(jvi] <)

1°i=1 v=0=|v]=lo]=1<1
2°0=k+1 || <k=|v| <i

(’uk —tCB, teT* CEN, B (NUT), v, 2 v,

tABf a=AB = |v|=|uvx|+1

Pm:C%a):vZ:{tmﬂ o=z :>|'Ui|:|/vk|

Nas TS A simuluje Tavé krajné odvodenie v slova u v gramatike G (na vstupe
w = uvf). Ak akceptuje w, tak § = € a teda z predoslého tvrdenia vyplyva, Ze
A je dokonca S(|w|) ohranic¢eny. Ak vSak neakceptuje slovo w, d& sa podobne
ukdzat, 7e sa A zasekne, teda nezacykli a teda nespotrebuje viac ako S(|w|)
pamdéte.

5@G je v Chomského norméalnom tvare, tj. P C N x (T U NN)



